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Concept 

Portfolio optimization is the process of choosing the proportions of various assets to be held in 

a portfolio, in such a way as to make the portfolio better than any other according to some criterion. The 

criterion will combine, directly or indirectly, considerations of the expected value of the portfolio's rate 

of return as well as of the return's dispersion [1]. The dispersion in many contexts is translated to risk.   

 

Graphical Representation of the Concept 

Let’s assume the probability distribution of the cost is shown in Fig.1. To minimize the expected value, 

the optimization algorithm tries to shift the red dot on the curve to the left as much as possible. To 

minimize the dispersion (risk), the optimization algorithm tries to move the black bars toward each other 

as much as possible.  

 
Figure 1. Probability distribution function  

Three common ways to formulate the portfolio optimization are as follows:  

Min (𝜔1Expected Value + 𝜔2Risk) 

 

Min (Expected Value) 

Risk  ≤  threshold 

 

Min (Risk)  

Expected Value ≤  threshold 

(a) (b) (c) 

https://en.wikipedia.org/wiki/Asset
https://en.wikipedia.org/wiki/Portfolio_(finance)
https://en.wikipedia.org/wiki/Expected_value
https://en.wikipedia.org/wiki/Rate_of_return
https://en.wikipedia.org/wiki/Rate_of_return
https://en.wikipedia.org/wiki/Statistical_dispersion


Form (a) basically formulates the cost function as a weighted combination of both terms. Form (b) is 

useful when the maximum risk can be quantified in the system. Form (c) is useful when the budget 

limitation is defined. In this case we are willing to pay additional cost to control the risk. It is important to 

note that the three formulations are equivalent with the appropriate chosen parameters.   

 

Example 

Let’s assume the demand for the next hour is one kW. The generation portfolio includes nuclear, natural 

gas and coal. The generation cost for three technologies is a random variable (𝑐𝑖) with normal distribution 

as summarized in Table 1. 𝑐�̅� and 𝜎𝑖 are the expected value and standard deviation, respectively.  

Table 1. Generation cost for different technologies [2] 

 

The optimization problem can be formulated as follows: 

Minimize  𝑐𝑥𝑥 + 𝑐𝑦𝑦 + 𝑐𝑧𝑧                                        (1) 

subject to: 

  𝑥 ≥ 0, 𝑦 ≥ 0, 𝑧 ≥ 0   (physical limitation) 

  𝑥 + 𝑦 + 𝑧 = 1           (demand must be met) 

This formulation can be easily transformed to: 

Minimize  (𝑐𝑥 − 𝑐𝑧)𝑥 + (𝑐𝑦 − 𝑐𝑧)𝑦 + 𝑐𝑧                    (2) 

subject to: 

  𝑥 ≥ 0, 𝑦 ≥ 0, 𝑥 + 𝑦 ≤ 1    

  𝑧 = 1 − 𝑥 − 𝑦            

The expected cost for different combination of nuclear and gas is shown in Fig. 2 (a). The coal variable is 

not explicitly shown because its contribution corresponds to the gap between the other two technologies’ 

supplies and the demand (1 − 𝑥 − 𝑦). The lines in Fig. 2 (b) show the systems with identical cost. The 

black area is not feasible. To minimize just the expected cost, the objective function of the optimization 

problem in (2) can be reformulated as follows (constraints remain the same): 



Minimize    E{  (𝑐𝑥 − 𝑐𝑧)𝑥 + (𝑐𝑦 − 𝑐𝑧)𝑦 + 𝑐𝑧} => 

Minimize    (𝑐�̅� − 𝑐�̅�)𝑥 + (𝑐�̅� − 𝑐�̅�)𝑦 + 𝑐�̅�          =>        

Minimize     𝑥 − 0.5 𝑦 + 4  

It is clear that the minimum value (shown by a red dot in Fig. 2(b)) is for the case when 𝑥, z = 0 and y =1. 

 
(a) 

 
(b) 

 
Figure 2. Expected cost function versus nuclear and gas generation 

 

 

Now, let’s consider the case when we just want to minimize the risk with the following definition 

(constraints are similar to (2)): 

 

𝑅 =
1

𝑁
∑ 𝑚𝑎𝑥{0, [𝑐𝑥(𝑤) − 𝑐�̅�]𝑥 + [𝑐𝑦(𝑤) − 𝑐�̅�]𝑦 + [𝑐𝑧(𝑤) − 𝑐�̅�]𝑧}𝑁

𝑤=1                 (3) 

 

where 𝑐𝑖(𝑤) is one realization of the random variable. The risk function for 2000 realizations of random 

variables (Monte Carlo experiments) is calculated and plotted in Fig.3 (a). The ellipses in Fig.3 (b) denote 

portfolios with the same risk. The generation portfolio with the minimum risk is shown by a red dot in 

Fig. 3 (b). 



 
(a) 

 
(b) 

 

Figure 3. Risk function versus nuclear and gas generation 

 

From Fig.2 (b), it is clear that as we move from the red dot (top left) to the bottom right the expected cost 

increases. Also, from Fig.3 (b), it is clear that as we move away from the red dot (in all directions), the 

risk increases. To provide a better understanding of the expected value and risk, Fig.2 (b) and Fig.3 (b) 

are plotted on top of each other in Fig.4 and three arbitrary points are selected. The characteristics of these 

points are summarized in Table 2. As we move from the first point to the third point the expected cost 

increases but the associated risk decreases. The probability distribution function of the observed cost for 

choosing each of these points is shown in Fig.5. The expected value is also shown by a big dot in each 

case. It is clear that as we move from the first point to the third point the expected cost goes up (big dot 

moves to the right) but the risk decreases (less deviation).  

 
Figure 4. Contours for expected value and risk functions 

 

 
 

Table 2. Three selected points in Fig.4 

 
 First 

Point 

Second 

Point 

Third 

Point 

𝑥 (nuclear) 0 0.2 0.5 

𝑦 (gas) 1 0.65 0.22 

𝑧 (coal) 0 0.15 0.28 

Expected Cost 3.5 3.87 4.39 

Associated Risk 0.59 0.40 0.27 
 



 

 

Figure 5. Probability distribution function of the observed cost for the three selected points in Fig.4 

So far, it was assumed that all the random variables are not correlated. The correlation between the 

variables can change the risk formulation drastically. For simplicity, let’s replace the risk formulation in 

(3) with the basic definition of variance and let’s assume the expected vale (𝑐�̅�) for all the variables is 

zero. So, risk becomes: 

𝑅 = 𝐸 {[𝑐𝑥𝑥 + 𝑐𝑦𝑦 + 𝑐𝑧𝑧]
2

}   (4) 

 

For the case that 𝑐𝑥, 𝑐𝑦 and 𝑐𝑧 are not correlated, 𝑅 can be simply replaced by: 

𝑅 = 𝐸{[𝑐𝑥]2}𝑥 + 𝐸 {[𝑐𝑦]
2

} 𝑦 + 𝐸{[𝑐𝑧]2}𝑧 = 𝜎𝑥
2𝑥 + 𝜎𝑦

2𝑦 + 𝜎𝑧
2𝑧  (5) 

 

where 𝜎𝑖
2 is the variance of each random variable. Now, let’s assume the correlation between 𝑦 and 𝑧 is 𝜌. 

In this case, it can be easily shown that: 

𝑅 = 𝜎𝑥
2𝑥 + 𝜎𝑦

2𝑦 + 𝜎𝑧
2𝑧 + 𝜌𝑦𝑧  (6) 

 

It is obvious that a simple correlation makes the optimization non-linear!  

 



To graphically illustrate the impact of correlation on the risk, 𝜌 (correlation between gas and coal 

generation cost) is set to 0, 0.5 and 1. The risk contours along with the minimum risk (red dot) for each 

case are shown in Fig.6.  

 
(a) 𝜌 = 0 

 
(b) 𝜌 = 0.5 

 
(c) 𝜌 = 1 

Figure 6. Impact of correlation between random variables on the risk function 

So far, the minimization of either expected value or risk is discussed. Now, let’s look at the three common 

forms of the portfolio optimization as discussed in Page 1. For simplicity, all the random variables are 

considered not correlated.  

 

Form a:       Minimize (𝜔1Expected Value + 𝜔2Risk) 

The cost function in this form is a weighted combination of expected value and risk. The objective 

function contours along with the minimum point (red dot) for three different weighting systems is shown 

in Fig.7.  

 
𝜔1 = 0.8 and 𝜔2 = 0.2 

 
𝜔1 = 0.5 and 𝜔2 = 0.5 

 
𝜔1 = 0.2 and 𝜔2 = 0.8 

Figure 7. Portfolio optimization (form a) 

 



Form b:        Minimize (Expected Value) 

                        Risk  ≤  threshold (maximum allowed risk) 

This form is useful when the maximum risk can be quantified in the system. The objective function along 

with the minimum point (red dot) for three different thresholds is shown in Fig.8. The feasible area is 

shown by green color.  

 
threshold = 0.3 

 
threshold = 0.35 

 
threshold = 0.4 

Figure 8. Portfolio optimization (form b) 

Form c:        Minimize (Risk)  

                       Expected Value ≤  threshold (maximum allowed budget) 

This form is useful when the budget limitation is defined. In this case, we are willing to pay additional 

cost to control the risk. The objective function along with the minimum point (red dot) for three different 

thresholds is shown in Fig.9. The feasible area is shown by green color. 

 
threshold = 3.8 

 
threshold = 3.9 

 
threshold = 4 

Figure 9. Portfolio optimization (form c) 

In summary, a trade-off between cost and risk can be provided using portfolio optimization. 
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